We show that magnetic disequilibrium within a magnetic domain (e.g., by a magnetic field driving a domain wall) implies spin pumping of current within that domain. This has experimental implications for samples both with conducting leads and that are electrically isolated. For a two-band magnet these results are obtained first by simple arguments, and then by using irreversible thermodynamics to derive the full dynamical equations, with up and down spins each providing conduction and magnetism. It is known that in regions where the equilibrium magnetization is non-uniform, voltage gradients can drive both adiabatic and nonadiabatic bulk spin torques. Onsager relations then ensure that magnetic torques likewise drive related amounts of adiabatic and nonadiabatic currentswhat we call bulk spin pumping. As for recent spin-Berry phase work, we find that within a domain wall, the ratio of the effective electromotive force to the magnetic field is approximately given by P (2µ B /e), where P is the spin polarization. The adiabatic spin torque and spin-pumping terms are shown to be dissipative. We also discuss the issue of Landau-Lifshitz damping vs Gilbert damping; both irreversible thermodynamics and Langevin theory with near-equilibrium thermodynamic fluctuations lead to Landau-Lifshitz damping.
INTRODUCTION
In the past year no fewer than four groups [1] [2] [3] [4] have proposed the same phenomenon, which two of them have called spin pumping. 2, 3 The phenomenon occurs in bulk magnetic conductors in regions where the magnetization varies in space -typically in a domain wall. The prediction is that if the magnetization also changes in time, then local currents will be induced. It is not difficult to show how this can come about, but to do so we first must present some background information; a conducting magnet is not trivial. We consider only a two-band model, although an s-d model can also be considered. 
Two-band Model
Consider a two-band model for electrons with up and down spins (↑, ↓). The electrons have charge −e and gyromagnetic ratio −γ, where γ = |g|µ B /h > 0 and µ B = eh/2m (g = −2 for free electrons). The electrons partially occupy two, spin-dependent, conduction bands, with number densities n ↑ and n ↓ . For specificity we assume that n ↓ > n ↑ , so that the magnetization M will point along the "up" direction, determined either by spontaneous symmetry breaking or by an external field and anisotropy. In an external field H 0 (in units of T) the spins have Zeeman energy ±γ(h/2) H 0 ·M , where the up spins have the higher Zeeman energy. The full magnetic interaction is more complex, and can include the magnetic dipole interaction H dip , crystalline anisotropy H an , and both non-uniform exchange H ex (proportional to ∇ 2 M ) and uniform exchange H int (alongM ). We define
Following Johnson and Silsbee 5 we define H * as
Johnson and Silsbee, employing the scalar version, H * , show that H * = 0 in equilibrium; the vector version satisfies H * = 0. In principle, H ex also is an external field but, relative to the local position r i , H ex represents the exchange interaction with neighboring spins. Real space will be specified by subscript and spin space by the vector symbol. Note that M × H * = M × H, so that only M × H need appear in certain situations. On the other hand,M · H * =M · H.
Two-band Conduction
Each band has its own conductivity (σ ↑ , σ ↓ ) and magnetoelectrochemical potential (µ * ↑ , µ * ↓ ). The magnetoelectrochemical potential 5 is a somewhat unfamiliar concept, although it is clear that in equilibrium we should have µ * ↑ = µ * ↓ . In terms of the electrochemical potential
we have µ * ↑,↓ =μ ↑,↓ ± γ(h/2)( H * ·M ).
When the magnetic degrees of freedom are in equilibrium, or H * = 0, thenμ ↑ =μ ↓ implies that µ * ↑ = µ * ↓ . There are contributions to the net electric current from both up spins and down spins. Using number currents j ↑,i < j ↓,i , with i the spatial index, we expect that the individual up and down currents take the form
In fact, as we show below, 3 irreversible thermodynamics permits additional terms so the number currents are more complex than this. Nevertheless, temporarily omitting consderation of these terms, the total electric current takes the form
The first term is the usual conductivity term, the second and third terms are usually not invoked. The last term contains two effects. One is ordinary spin diffusion (where H * points along M ), which we can write as
Our use of irreversible thermodynamics finds no additional terms of this sort.
The other term, which we will call j SP,i , gives rise to what we call bulk spin pumping. Spin diffusion is a longitudinal disequilibrium of the magnetization; spin pumping is a transverse disequilibrium of the magnetization. We will see, however, that irreversible thermodynamics permits additional terms that can contribute to spin pumping.
Bulk Spin Pumping
Since H * = 0 in magnetic equilibrium, spin pumping requires magnetic disequilibrium. One can imagine doing this by suddenly changing H 0 . Since H 0 will be nearly uniform, to maximize the gradient term in (6) the magnetization should vary on a short spatial scale, as is the case for a magnetic domain or for magnetic vortices. Neglecting the term where H * varies, and noting that the H int part of H * is alongM , the spin pumping term takes the form
IfM flips over this spatial scale, this corresponds to an effective emf of
per unit of magnetic field. With P the polarization, and equal scattering rates for up and down spins, this corresponds to an effective emf per magnetic field of P (γh); this is 0.7 × 10 −4 V/T for Co. Fig. 1 indicates a head-to-head domain wall in a thin wire, and how the effect might be observed with voltmeter leads that straddle the domain. When H 0 drives the domain wall past either lead, a signal should be generated. This spin pumping term and the spin diffusion term are directly related to one another. Moreover, this version of spin pumping does not introduce any new transport coefficients, and in that sense it is not truly new. However, we will see that there are other contributions to spin pumping that do introduce new transport coefficients. Figure 1 . Experimental geometry to observe spin-pumping of current associated with a head-to-head domain wall. An applied magnetic field drives the domain wall to the right. A spin-pumped current goes to the left. One expects an associated voltage pulse when the domain wall crosses either voltage lead.
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Outline
In the sections to follow we will see that this spin-pumping term, proportional to H · ∂ iM , is related to what is called the adiabatic spin transfer torque, and therefore should be called adiabatic spin-pumping. We will show that there can also be a non-adiabatic spin-pumping term, related to a corresponding non-adiabatic spin transfer torque, proportional to H · (M × ∂ iM ). These phenomena, which occur in bulk, have corresponding surface phenomena; it is not our purpose to discuss surface effects. We will then outline how the methods of irreversible thermodynamics can be used to study these phenomena, and we make a brief incursion into Langevin theory for fluctuations of the magnetization, which leads to Landau-Lifshitz, rather than Gilbert, damping. The choice of magnetization damping influences the interpretation of variations terms that appear in experiment and in first principles calculations.
SPIN PUMPING AND SPIN TRANSFER TORQUE ARE ADIABATIC AND NON-ADIABATIC, AND OCCUR AT SURFACES AND IN BULK
As noted, spin pumping is related to spin transfer torque, and both phenomena occur in bulk (our interest here) and at surfaces, and both come in two varieties, adiabatic and non-adiabatic. After a brief introduction to spin transfer torque, we will define the meaning of adiabatic and non-adiabatic, and develop certain ideas needed to determine whether a given transport term is dissipative or non-dissipative, we will characterize the adiabatic and non-adiabatic spin transfer torque and spin pumping in those terms. In particular, we will see that the adiabatic terms are dissipative, and the non-adiabatic terms are non-dissipative. This is counter to what the terms adiabatic and non-adiabatic, in either a thermodynamic or time-variation sense, might lead one to believe.
What is Spin Transfer Torque?
Spin transfer torque is the torque on the magnetization due to conduction of spin-polarized electrons. The idea is that when the current-carrying electrons move to a region of varying magnetization, there is an interaction that tends to align their magnetization with the region's magnetization. This transfers magnetization to the conduction electrons, and by angular momentum conservation (as assumed) there is a back-reaction on the magnetization in that region. Spin transfer torque normally occurs in a conducting magnet, but if a current enters a non-magnet it can also affect the magnetization in the non-magnet (due to an applied field).
The magnetization satisfies the equation of motion
where the torque N (in units of magnetization/time) includes damping terms and Q i is the magnetization flux.
In the simple case where the up and down spins have the same scattering rate, we have Q i = Mj i , where j i = j ↑ + j ↓ is the total number current. Hence the magnetization is carried along by the current. Since we expect no charge buildup, we expect that
Bringing this to the right-hand-side of (9) then yields the spin transfer torque −j i ∂ i M . Physically, there is a torque on the conduction electrons that adjust to the magnetization change, and by conservation of angular momentum (as assumed), there is a back-reaction on the magnetization. If the current moves into a region of increasing M , then the spins of the current-carrying electrons follow M , and thus gain magnetization; correspondingly the magnetization itself must lose magnetization, which is the significance of the minus sign in (9).
How is "Adiabatic" Used in Spin Transfer Torque and in Spin Pumping?
In these phenomena, adiabatic means that the spatial scale of the environment is long compared to the spatial scale of the electrons at the Fermi surface. For domain walls, adiabatic means that their characteristic domain wall width δ is much larger than the Fermi wavelength k F . Adiabatic and non-adiabatic are not statements about how rapidly the system varies in time.
Intrinsic and Actual Signatures under Time-Reversal, and Dissipation
Under time-reversal T , corresponding to time t → −t, a vector like the electric current j i has an intrinsic time-signature that is odd, since it is proportional to the drift velocity of the electrons, which is odd under T . However, the electric current in an ordinary conductor is driven by gradients in the applied voltage (properly, by gradients in the electrochemical potentialμ divided by the charge −e), with an actual time-signature that is even. This is an indication that ordinary conduction is dissipative. Another example where the time-reversal properties indicate dissipation is Stokes' drag on an object moving at a low velocity v i . As a force, its intrinsic time-signature is even. However Stokes' drag, proportional to v i , has an actual time-signature that is odd. This is an indication that Stokes' drag is dissipative. We will invoke these ideas of time-reversal properties repeatedly in what follows, since there is much confusion in the literature over the dissipative or non-dissipative nature of various terms that appear in spin transfer torque and spin pumping.
Spin Pumping and Spin Transfer Torque Are Related
In a later section we will show that adiabatic spin pumping and spin transfer torque, at least in bulk, are related. (Surface spin transfer torque and surface spin pumping are rather complex both experimentally and from microscopic theory, and are not obviously described by the standard methods of irreversible thermodynamics.) Hence a measurement of the transport coefficient describing spin pumping will give the corresponding transport coefficient for spin transfer torque.
The introduction shows that (adiabatic) spin pumping in bulk gives a current proportional to H · ∂ iM . Under time-reversal T both H andM are odd, so that this part of the current is even in time, just as the usual part, proportional to E, is even in time. This indicates that the adiabatic spin-pumping current, just like the usual current in an ordinary conductor, has time-reversal properties that are opposite a non-dissipative current, which is odd in time. Hence both the ordinary current and the spin-pumping current are dissipative.
What About the Time-Reversal Properties from Berry-Phase Arguments?
Berry-phase arguments applied to ordinary magnetic conductors obtains the spatial symmetry of the conduction terms correctly, but we now argue that they obtain an incorrect time-reversal signature. We will use the fact, discussed above, that ordinary electric currents are dissipative.
If we accept that the spin currents are driven by Berry phase gradients, then the total current is driven by Berry phase gradients. Since phase is odd under T , this means that ordinary currents are odd under T , making them non-dissipative. But it is well-known that ordinary magnetic conductors are dissipative. Their current is driven by gradients in the magnetoelectrochemical potentials. If our magnetic conductors were super conductors, then both the net current and the spin-current would be driven by phase gradients, and would be odd under T , making them non-dissipative. Note that ordinary, dissipative, spin diffusion, as in (7), is closely related to the adiabatic spin pumping term of (8), and thus all forms of adiabatic spin pumping should be dissipative.
So we conclude that, unless the spin-current of an ordinary magnetic conductor is somehow associated with a type of superfluidity yet the ordinary current is not, then the time-reversal properties associated with the Berryphase are not appropriate to an ordinary magnetic conductor. This means that, contrary to much that has been written in the literature, the adiabatic spin transfer torque, as well as the more recently discussed adiabatic spin pumping, are dissipative. Moreover, the non-adiabatic spin transfer torque, as well as the more recently discussed non-adiabatic spin pumping, are non-dissipative, because they have opposite time-reversal properties to their adiabatic cousins. Note that spin transfer torque was obtained from the space-dependence of the spin-Berry phase, 7 and that spin pumping was obtained from the time-dependence of the spin-Berry phase.
1, 2, 4
In short, our results for the dissipative and non-dissipative nature of the adiabatic and non-adiabatic spin transfer torque and spin pumping, based on the methods of irreversible thermodynamics, differ from the results of Berry phase arguments in that we treat the spin systems as ordinary conductors, rather than (implicitly) as superconductors.
A Brief History of Surface Spin Pumping and of Spin Torque
We close this section to permit the reader to obtain some background history. Ralph and Stiles have recently reviewed spin transfer torques.
8 They note that bulk spin transfer torque was predicted and observed by Berger in the late 1970's.
9, 10 However, his relatively large samples required currents of about 50 A, making this method of driving domain wall motion impractical. With the advent of nanoscale multilayers, in 1989 Slonczewski considered the theory of spin transfer torque across a tunnel junction. 11 This subject has been pursued vigorously in recent years; for reviews see Refs. 12, 13.
The phenomenon of surface spin pumping was first noted, experimentally, in Ref. 14 
IRREVERSIBLE THERMODYNAMICS: HOW IT WORKS
This paper employs the methods of irreversible thermodynamics. For an introduction to these methods that is directed to the magnetism community, see Ref. 18 . We summarize the approach as follows.
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•The first step is to determine the appropriate thermodynamic variables and the thermodynamic relation for the differential dε of the energy density as a sum of terms proportional to the various thermodynamic densities describing the system. This assumes local equilibrium even when the system has a (slow) spatial and temporal variation. Moreover, spatial derivatives, but no time-derivatives can appear in dε. For an ordinary one-component system these densities are associated with the entropy and the particle number. For the generic magnetic conductor, these thermodynamic densities are the entropy density s, the density of carrier electrons n, and the magnetization M . For a two-component non-magnetic system like a semiconductor these densities are associated with the entropy and the particle numbers (electrons and holes). 22 For the two-band magnet, these thermodynamic densities are associated with the entropy and the particle numbers (up and down electrons, with particle densities n ↑ , n ↓ , and the magnetization directionM . Associated with these thermodynamic densities are thermodynamic forces: for our system the thermodynamic sources are the temperature gradient ∂ i T (largely determining heat flow), the gradients in the magnetoelectrochemical potentials ∂ i µ * ↑ , ∂ i µ * ↓ (largely determining number flow), the difference µ * ↑ − µ * ↓ (largely determining relaxation of | M |), and M × H (largely determining magnetic damping).
•The second step is to require that all of the densities satisfy either a conservation law (with unknown fluxes) or a source equation (with unknown sources) or both, and to consider the structure of the equation giving the rate of heat production. We will identify the fluxes and sources for our system when we write doen the appropriate conservation laws and source equations. Note that a source equation can also have a flux, but a conservation law can have a flux but no source.
•The third step is to construct the matrix of structure-dependent constants (the transport and dissipation coefficients) that relate the sources and fluxes of the conservation laws and source equations to the thermodynamic forces. This requires a knowledge of the time-reversal properties of the fluxes, forces, and sources. Finally, the Onsager relations are used to reduce the number of independent coefficients.
Note that the present work takes an energy-based approach to irreversible thermodynamics. One could just as well take an entropy-based approach, in which case the results shold be equivalent, but the thermodynamic forces and the corresponding Onsager coefficients differ. Nevertheless, the physical content will be identical. 
THERMODYNAMICS OF THE TWO-BAND MODEL
The total number density for the conducting electrons is
Moreover, the magnetization is given by
where S is the spin density, of magnitude
Thus the magnetization has magnitude M = | M | given (with n ↓ > n ↑ ) by
With magnetization directionM , we then have
Note that
For the differential of the energy density we take
IRREVERSIBLE THERMODYNAMICS AT WORK: THE TWO-BAND MODEL 5.1 Equations of Motion for Energy and Entropy
The energy density ε, being conserved, has only a flux:
Here j ε i is the energy flux density. The intrinsic time-reversal signature of ε is even, so the intrinsic time-reversal signature of j ε i is odd. The entropy density s, not being conserved, has both a flux j s i and a source that we define as R/T , where R > 0 is the volume rate of heat production:
Irreversible thermodynamics considers the time-behavior of thermodynamic variables, which have definite signature under time-reversal. As a consequence, if an equation of motion for that quantity has both a flux and a source, then because of the time-derivative the intrinsic time-reversal signatures of both the flux (here j s i ) and the source (here R/T ) are opposite to the intrinsic time-reversal signature of the extensive density. Since s is even, the intrinsic time-reversal signatures of j s i and R/T are both odd.
Conservation Laws and Equations of Motion
We take the equations of motion and conservation laws for the four variables n ↑ , n ↓ , andM to be:
Here j ↑,i and j ↓,i are the number current densities, S is the decay rate for up spins (by charge conservation this is compensated by the decay rate −S for down spins), and γ H and Ω are the Larmor and non-Larmor parts of the rotation rate forM . By definition Ω has only two components, and is normal to M . The intrinsic time-reversal signatures of j ↑i , j ↓i , and S are all odd.
Implied Equations
The above equations imply certain equations of motion for n of (10), M of (13) and M of (14) . These equations are not necessary, because the previous section is self-contained, but they are useful for comparison with previous work.
Continuity equation
Eqs. (10), (19) , and (20) imply that
With the charge density ρ = −en and current density (charge flux) given by
the continuity equation is automatically satisfied:
Equation for Magnitude of Magnetization
Eqs. (13), (19) , and (20) imply that
For magnetization along z, this is analogous to ∂ t M z .
Equation for Vector Magnetization: source N and flux Q i
Eqs. (14), (19) , (20) , and (21) imply that
The second term on the left-hand-side of (26) is strictly longitudinal. Because we want to obtain a pure divergence term for this second term, we must add a term γ(h/2)(j ↓i − j ↑i )∂ iM to both sides. This latter introduces a spin transfer torque to the right-hand-side. Then (26) becomes
on setting
where Q i is the magnetization flux density (i is the real space index), and
where N (a source) is the volume rate of change of magnetization due to torques associated with a lack of thermal equilibrium. The second term, γ(h/2)(j ↓i − j ↑i )∂ iM , is a bulk spin transfer torque term. It is completely determined by the conduction properties of the system, as was the spin pumping term of (8), discussed in Section 1. We will see that additional spin transfer torque terms are allowed, 3 and that they are related to the new spin pumping terms.
We will call
the non-Larmor-like spin torque. When N contains a term that is proportional to the current (or to the gradient of the electrochemical potential) one says that there is a spin transfer torque.
From (28) and (29) the net non-Larmor spin transfer torque of (30) is given by
Thus the only transverse part of N (which is what we are interested in here) comes from the Ω × M term.
Once the difference in units is accounted for, Q i above is equivalent to Eq. (8) of Ref. 6 ; there, both the magnetization and the magnetization flux densities are measured in units of γ, with |g| = 2, andû is employed for the direction of the magnetization. Moreover, the second term of N in (29) is the same as the adiabatic spin torque density of Ref. 24 . This adiabatic spin torque is enforced by the condition that the magnetization and the spin quantization axis track with one another. Note that Ref. 6 does not include the adiabatic spin torque density.
In (29) , the first and second terms give the transverse components in spin space, and the third term gives the longitudinal component in spin space. Of course, we have yet to determine Ω, S, j ↓i , or j ↑i . Ref. 3 shows that j ↓i and j ↑i each have five terms, so that Q αi has ten terms. Moreover, Ω has seven terms and S has one term, so that N has eighteen terms.
Rate of Heat Production R
Irreversible thermodynamics accomplishes its task by combining the equations of motion and the thermodynamics to obtain an expression for the non-negative quantity R as a sum of products of fluxes (or sources) and thermodynamic "forces".
Eqs. (17), (18) , and (19)- (21) placed in the time-derivative of (16) yields
We recall that j Thus of the five non-divergence terms in (32) each is the product of an unknown flux or source with a presumably known thermodynamic force. Moreover, each term has a clear physical interpretation as a source of heating: the first term to thermal conduction, the second and third to (spin-dependent) electrical conduction, the fourth to (local) longitudinal magnetic damping, and the fifth to (local) transverse magnetic damping.
In the next section we extract the implications of requiring that R be even under T , and that the allowed cross-coupling terms have equal values (Onsager relations).
FLUXES, SOURCES, AND DISSIPATION RATE FOR THE TWO-BAND MODEL
For details of how the various fluxes are determined in proportion to the thermodynamic forces, using the Onsager reciprocity relations, see Ref. 3 . In principle, Kubo-type formulas can be determined for the Onsager coefficients that appear below, on the phenomenological grounds of irreversible thermodynamics. We are now prepared to obtain the various fluxes and sources, including both the current-induced spin torque and the spin-pumping of current.
Energy Flux
The energy flux in (32) is given by constraining the divergence to be zero (up to an arbitrary curl), which leads to
where the fluxes j s i , j ↑i , j ↓i are to be determined.
Entropy Flux
The entropy flux is a vector in real space whose reversible part is odd under time-reversal T . The following terms are allowed by rotational symmetry in real space and spin space:
We call κ a diagonal coupling because of the direct relationship between entropy (whose flux is given) and its thermodynamic conjugate, temperature (whose gradient appears). The other parameters are off-diagonal. Note that irreversible thermodynamics has nothing to say about the values of the parameters κ, L s↑ , L s↓ , L sM , and L sM . The same comment applies to the other parameters that appear in the other fluxes and sources. However, as we shall see, irreversible thermodynamics does make statements about relationships between the off-diagonal parameters. In the last two terms of (34) the term ∂ i M can be replaced by M∂ iM because it multiplies terms normal to M .
Number Fluxes, and Current j i
In the two-band magnet, each spin-component has, in principle, its own electrochemical potential. In some cases such a distinction can be made experimentally. (For example, by a suitable combination of electric field and of magnetic field gradient it may be possible to produce a net spin current but zero net electric current.) The following terms are allowed by rotational symmetry in real space and spin space:
Here the first set of terms are as expected, and yield the adiabatic spin pumping terms discussed in the Introduction. The second terms are thermoelectric effects, and the third terms are cross-driving of one spin species by the other's magnetoelectrochemical potential. Of additional interest are the fourth terms, which are dissipative (they have even time-reversal signature). They are proportional to H · ∂ i M , and thus have the same form as the spin pumping terms. The fifth terms, which are proportional to
, are what we call the non-adiabatic spin pumping terms. Because they have odd time-reversal signature, they are non-dissipative. In the last two terms of (35) and (36) the term ∂ i M can be replaced by M∂ iM because it multiplies terms normal to M . (8) , contains the additional spin pumping terms
The first two terms give an adiabatic spin pumping term additional to (8) , and the second two terms give the only non-adiabatic spin pumping term. Because H, rather than H * appears in (37), the first term does not imply a corresponding spin diffusion term, unlike the case of Section 1, where where (7) and (8) 
Decay Rate S
The decay rate S is associated with both ∂ t n ↑ and ∂ t n ↓ ; hence the non-dissipative part of S is odd under T . For S, the only possible form consistent with rotational symmetry in real space and spin space is
withᾱ a material-dependent constant havings units of (J-m 3 -s) −1 . No other form is allowed because S is a scalar in both real space and spin space. One might think that the "order parameter" M could be multiplied by the thermodynamic "force" M × H to obtain a scalar, but that dot product is identically zero. Eq. (38) is even under time-reversal, and therefore is dissipative. Recall that µ * ↑ − µ * ↓ = γhM · H * .
Non-Larmor Precession Rate Ω
For the non-Larmor spin torque in the two-band magnet, by (31) we need only the transverse terms, due to Ω × M . The following terms are allowed by rotational symmetry in real space and spin space:
To ensure that R is invariant under time-reversal, the odd-in-T cross-terms involving the non-adiabatic spin torque and non-adiabatic spin pumping terms (proportional to the product of M × H and gradients of the magnetoelectrochemical potentials, with structure terms related to M and ∂ i M , to ensure the correct properties in real space and spin space) must have their contributions to R cancel. This leads to the conditions
In addition, by Onsager reciprocity, the even-in-T cross-terms involving the adiabatic spin torque and adiabatic spin pumping terms (also proportional to the product of M × H and gradients of the magnetoelectrochemical potentials, with different structure terms to ensure the correct properties in real space and spin space) must have their contributions to R add. This leads to the conditions
Rate of Heat Production
When the symmetry of the Onsager coefficients is accounted for, the rate of volume dissipation (32) takes the form
Here the first term is due to up-down scattering (ᾱ is related to the up-down scattering rate). The second term is associated with thermal conduction, the third and fourth terms with ordinary electrical conduction, the fifth term with Landau-Lifshitz damping. The remaining terms are due to cross-couplings of thermodynamic forces. In particular, the last two terms are due, in equal amounts, to spin transfer torque and (some of the) spin pumping; since the ordinary electrical conduction terms already include spin pumping, R is even more complex than one might first think.
We see now that, from the viewpoint of dissipation and transport, the spin-pumping discussion in the Introduction lumped the up and down currents together, whereas properly they should have been discussed separately. Nevertheless, in doing this it is clear that the dissipation from that form of spin pumping is associated with the up and down conductivities, not any new transport coefficient. The truly new transport coefficients L ↑M and L ↓M , which contribute both to the total number current j n i and to the non-Larmor torque (or source) N (see the next subsection), give truly new terms in the dissipation rate.
Implied Quantities
We now turn to the derived quantities j n i , Q αi , and N α .
Number current density j n i
By (22), (35) , and (36), we have
Multiplication of this by −e gives the electric current (41) are adiabatic spin pumping terms, with the same structure as in (8) . The (L ↓M + L ↑M ) terms in (41) are non-adiabatic spin pumping terms. Neither was included in (8).
Magnetization Flux Q i
This quantity is the sum of ten terms, which we obtain from (28), (35) , and (36). We have
The terms involving gradients of the electrochemical potentials are diffusive in nature.
Magnetization Source N
This quantity is the sum of eighteen terms, which we obtain from (29), (35), (36), (38) , and (39). We have
By (31), in the absence of temperature and chemical potential gradients, the non-Larmor spin torque has a transverse part given only by the Landau-Lifshitz term.
Non-Larmor-like Spin Torque
This is determined by the previous two equations, (42) and (43) . Note that a cancellation occurs, so that ∂ i Q i contains terms that cancel the first three terms in N . Hence N contains spin transfer torque terms only from the last four terms in (43) . Using the symbol ⊃ to indicate that a quantity contain certain terms, but is not restricted to those terms, we have
L M ↑ and L M ↓ are associated with the adiabatic spin transfer torque, and L M ↑ and L M ↓ are associated with the non-adiabatic spin transfer torque, by comparison with the discussion associated with (41) . The same coefficients appear in the spin transfer torque of (44) and the spin pumping terms of (37): these phenomena are inextricably related.
With the gradients along the x direction, these terms in (44) may be rewritten in the form
Here v has units of velocity, and is proportional to the current, and β is dimensionless. These spin pumping terms are called, respectively, adiabatic and non-adiabatic. Note that we do not include the term from (8); when all spin transfer torque terms are included we employ v and β.
IRREVERSIBLE THERMODYNAMICS GIVES LANDAU-LIFSHITZ DAMPING
In the context of magnetic damping without spin transfer or spin pumping, we note that two types of magnetic damping are favored in the literature. The first is by Landau and Lifshitz (a term in 25 as implied by the first term in (39 Including the spin transfer torque term, the Landau-Lifshitz equation reads
Using vector identities and the definition α ≡ λ/γ, this can be rewritten as the corresponding Gilbert equation
Langevin approaches that enforce ∂ t M -driven fluctuations violate the Einstein assumption that near equilibrium only fluctuations of the themodynamic variables are important; such violation permits them to obtain Gilbert damping. W. F. Brown employed this in Ref. 32 . Ref. 34 employs the time-derivative of the magnetization in a study of the dynamics of a set of continuous magnetic conducting slabs. The use of such a time-derivative places such works outside the framework of standard irreversible thermodynamics, and explains how they obtain Gilbert damping.
A phenomenological theory such as provided by irreversible thermodynamics can specify the structure of, but not the values of the parameters appearing in the theory. Hence, for example, it can make no statement about the relative value of the coefficients of adiabatic and non-adiabatic spin transfer torque. Ref. 24 provides one particular viewpoint on the relative value of the coefficients of adiabatic and non-adiabatic spin transfer torque, given by β in (46), which is tied up with the issue of Landau-Lifshitz vs Gilbert damping. However, the issue is still considered unsettled. 26 . It is not clear that the method, involving a rapidly rotating field due to two perpendicular oscillating fields, each within the plane of a small disk, has ever been repeated. Of the four frequencies studied the higher two were consistent with Landau-Lifshitz damping and (presumably fixed) γ but variable λ [see (54)]. In Gilbert's language, he found α ≡ λ/γ = 0.03 for these two frequencies. However, the lower two frequencies could not be fit with Landau-Lifshitz damping. Using his own scheme, with (presumably fixed) Gilbert gyromagnetic ratio γG ≡ γ(1 + α 2 ) and variable Gilbert damping constant α, Gilbert found α = 3, 9 for these two successively lower frequencies. This would imply lessening of γ by factors of about 10 and 100, respectively, a phenomenon for which we know no precedent. One can argue that this extra damping may have been due to inhomogeneous broadening or other experimental complexities.
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LANGEVIN DYNAMICS GIVES LANDAU-LIFSHITZ DAMPING
form of damping. We have extended this approach, applied to insulating magnets (where one expects no spin transfer torque or spin pumping) to include additional dissipative terms due to non-uniformity. 18 We make equivalent assumptions in what follows but go farther and derive an expression for the damping constant. Our discussion 24 follows Reif's derivation of a finite-temperature Langevin equation for Brownian motion.
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We take the energy change per unit volume
where the repeated index Greek α implies a sum over spin-space coordinates. We take the magnitude | M | = M to be fixed, so that only rotations of M toward the effective field H change the energy of the system. (This implicitly assumes that the system is in local equilibrium; rotations of M are much less costly energetically than changes in its magnitude.) The interaction with the environment enters the equation of motion for the magnetization through a fluctuating "torque" density N α :
The torque density N is perpendicular to M since we take
We consider the evolution of the magnetization over a time interval ∆t which is much less than the precession period, but much greater than the characteristic time scale for the fluctuations τ * . After this time interval, the statistical average of the change in magnetization ∆M α = M α (t + ∆t) − M α (t) is
The equilibrium Boltzmann weighting factor W 0 gives < N α (t ) > 0 = 0. However, < N α (t ) > = 0 when the magnetization is out of equilibrium. Indeed, this method derives the damping term precisely from the bias built into the fluctuations due to the changes ∆ε = −H ν ∆M ν in the energy density of the magnetic system.
The Boltzmann weight used to calculate < N α (t ) > is, with V 0 the system volume, W = W 0 exp(−V 0 ∆ε/k B T ) where, assuming that M does not change much over the integration interval,
Note that precession does not contribute to ∆ε(t ). Only motions of the magnetization that change the energy of the magnetic subsystem produce bias in the torque fluctuations. Therefore, since W = W 0 (1 − V 0 ∆ε/(k B T )) for small ∆ε/(k B T ), the last term in (50) now involves only an average over the equilibrium ensemble:
We recall now that the torque fluctuations are correlated over a microscopic time τ * that is much shorter than the small but macroscopic time-interval over which we integrate. Therefore, to the extent that memory effects are negligible, we define the damping constant λ (a type of fluctuation-dissipation theorem) from
for |t −t| ≥ τ * and with δ ⊥ αν = δ αν −M αMν , which restricts the fluctuations to be transverse to the magnetization. This approximation reduces the last term in (52) to λM H α ∆t. On the other hand, this quantity derives from the last term in (50), which we have said cannot have a component parallel to M . Therefore, since H ⊥ = −M × (M × H) is the piece of H which is perpendicular to M , we may substitute (53) into (52) and write the physically relevant final result in the form
Equation (54) Use of this approach for a non-uniform system should also lead to expressions for the spin transfer -spin pumping parameters L M ↑ and L M ↓ (associated with the adiabatic spin transfer torque), and L M ↑ and L M ↓ (associated with the non-adiabatic spin transfer torque).
SUMMARY
• For the two-band model of magnetism, the methods of irreversible thermodynamics yield that the phenomena of bulk spin pumping (magnetization disequilibrium driving current flow) and bulk spin transfer torque (number disequilibrium driving magnetization rotation) are related. Part of each of these phenomena does not require a new transport coefficient, but irreversible thermodynamics predicts two truly new transport coefficients, one associated with spatially adiabatic and the other with spatially non-adiabatic effects.
• The methods of irreversible thermodynamics, which place primary importance on distinguishing between (a) fluxes and sources, and (b) thermodynamic forces, predict that adiabatic spin pumping and spin transfer torque are both dissipative, and that the non-adiabatic spin pumping and spin transfer torque are both non-dissipative.
• Both irreversible thermodynamics and Langevin theory (relating fluctuations to dissipation) lead to LandauLifshitz damping. Langevin theory gives an explicit expression for the Landau-Lifshitz damping constant in terms of a time-correlation function of torque fluctuations.
